Most macroscopic machines rely on wheels and gears. Yet, rigid gears are entirely impractical on the nanoscale. Here we propose a more useful method to couple any rotary engine to any other mechanical elements on the nano-and micro-scale. We argue that a rotary molecular motor attached to an entangled polymer energy storage unit, which together form what we call the "tanglotron" device, is a viable concept that can be experimentally implemented. We derive the torque-entanglement relationship for a tanglotron (its "equation of state") and show that it can be understood by simple statistical mechanics arguments. We find that a typical entanglement at low packing density costs around 6kT. In the high entanglement regime, the free energy diverges logarithmically close to a maximal geometric packing density. We outline several promising applications of the tanglotron idea and conclude that the transmission, storage and back-conversion of topological entanglement energy are not only physically feasible but also practical for a number of reasons.
I. Introduction
Molecular machines are everywhere around us and run our lives on the sub-cellular scale. Throughout evolution, Nature has come up with many practical and robust nano-machine designs, from DNA copying and protein producing machines to muscle driving nano-scale walkers. To mimic Nature and maybe even outperform it in some tasks seems to be humanity's undeclared goal in this century. What was science-ction a decade ago takes shape in the physical reality as we speak. However, building functional, task performing nano-assemblies with comparable features as macro-scale machines still meets large obstacles. In particular, at the present stage it is virtually impossible to apply our machine building intuition gathered on the macroscopic scale. Interlocked motors with gears and wheels, connected with force transmitting chains and belts form the practical basis for most large scale mechanical devices. And yet they appear like a very awkward, hard to realize way to build nano-machines in the uctuating realm of the so and small.
While the motif of a classical rotary wheel is rare in Nature, 1 it is occasionally utilized in some branches of life. For instance, bacteria's rotary agellar engines enable them to move through their uid environments. However, to benet from their agellar rotor the bacteria had to come up with a clever and efficient way to couple it to their environment. In their case, the task is fullled by a sophisticated lamentous helical coil -the agellum. The latter acts as a screw propeller, transmitting the motor rotation into translation and propulsion through the surrounding viscous uid. Thus, we could conclude that the problem in utilizing wheels, gears and rotors on the nano-scale in Nature is not the rotary engine mechanism itself. The difficulty lies rather in establishing an efficient and exible transmission mechanism of the rotary movement to its surroundings.
In this report, we propose such a transmission mechanism that could be benecial on the nano-scale. In particular, we will discuss a simple, generic way to implement a coupling of virtually any existing rotary nano-and microengines to their surroundings. The central idea that we want to advance is that of torque transmission by the process of topological entanglement of polymer chains attached to the active rotary device (motor), cf., Fig. 1 . Such a motor equipped with a topological energy storage device we will in the following -alluding to the idea of entanglement -simply call the "tanglotron".
The concept of the tanglotron is related to the previously proposed idea of molecular motors operating in closed ring geometries 2 combined with the natural idea of attaching polymer side chains for topologically trapping and preserving motor rotations. Numerous rotary engines exist in Nature 3 with the most prominent examples being ATP-synthase, 4,5 the agellar motor of bacteria 6 and various DNA-topoisomerases. 7 Several articial directed rotors based on various operational principles have been developed. 3, [8] [9] [10] [11] New rotary engine designs continue to be conceptually proposed and still light up our imagination in nano-engineering.
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The circularly rotating geometry of these numerous nanoengines is particularly suitable for generating entanglements and contraction in gel like materials. The effect of entanglement on the visco-elastic behavior of polymer gels and networks is a classical problem in polymer science. [13] [14] [15] In a typical polymer melt, passively responding to sudden external strains, polymer entanglements are created and destroyed in a dynamic fashion, by the process of polymer "reptation". It is well-established that during mechanical shearing of a dense melt of long polymers, the relaxation of transient polymer entanglements is also the main contribution to dynamic stress relaxation. [13] [14] [15] In this sense the concept of dynamic, transient entanglements is at the core of polymer physics.
The problems of xed (permanent) topological entanglements have also attracted much theoretical interest. Simplied two dimensional models for the entanglements of exible polymer chains have been developed in the past [16] [17] [18] [19] (reviewed in ref. 20) as well as more realistic but analytically less tractable 3 dimensional models have been considered. 21, 22 Motivated by single DNA molecule probing experiments 23 applying torques on the molecular scale by magnetic tweezers, the problem of DNA supercoiling, 24 DNA braiding 26 and its untwisting 25 has been studied theoretically.
The idea of actively utilizing gel's permanent topology to tune and tweak its mechanical properties reaches quite far into the past. "Topological gels" containing sliding link pulley-like mechanisms were envisioned theoretically, 13, 27 long before their experimental manufacturing (chemical synthesis) could be realized in practice.
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Since the advent of DNA based life, living organisms naturally utilize the principle of topological energy storage. 7, 29, 30 In particular, DNA double strand twisting and supercoiling are known to energetically shi the threshold for DNA opening and gene transcription as well as to provide an additional energy source for genome folding and compaction in prokaryotic organisms like bacteria. Besides DNA, other natural laments, like single actin rings, are known to display similar supercoiling behavior. 31 Beyond its obvious usefulness in natural processes, DNA supercoiling has also been suggested as a mechanism for processing information and performing simple computational tasks.
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In this article opening the topic, we will focus on some central physical features associated with the tanglotron. In particular, we will study the problem of energy storage in the form of topological polymer-entanglements. We will derive the "equation of state" of the tanglotron and show that its torqueentanglement relationship can be understood by simple geometrical and statistical mechanics arguments. We conclude the article by outlining several benets of actually building a tanglotron device, including possible applications from arti-cial muscles to nano-actuators for DNA nano-assemblies.
II. Topological battery: storage of entanglement energy
Let us consider a synthetic system shown in Fig. 1 , consisting of an active rotary motor unit and two chains connecting the stator and the rotor of the device. In this section, we will rst focus on the conceptual questions resulting from Fig. 1 . These will be:
When the motor unit operates by n turns how much energy is stored in its polymer chains?
How many topological entanglements (links) can be injected at a given maximal motor torque?
By how much do the chains of length L collapse when loaded with n entanglements?
Is there an upper topological storage capacity of the chains and how many topological links do t inside for a given chain length L?
A. Tanglotron simulated
To gain insight into the system shown in Fig. 1 , we set up a molecular dynamics simulation implementing the motor unit (red) and the topological container consisting of two long ex-ible polymer chains. The monomers within the chains interact purely repulsively by a Lennard-Jones short-range excluded volume interaction. The latter is strong enough to prevent them from crossing through each other on relevant simulation timescales. Thus, entanglements, once formed by motor rotation, are unable to dissipate by simple chain crossing. The motor unit consists of 6 beads connected as shown in Fig. 2c : the rotor and the stator both consist of 3 beads and are driven by a quadruplet of forces acting at beads A, B, C and D perpendicular to the motor axis F-D as well as to the stator (C-G-D) and the rotor axes (A-F-B). 33 To ensure the rigid geometry of the motor, an additional angular stiffness term is added ensuring the orthogonality of the axis FG on the stator and rotor.
When acted upon the forces f, as shown in Fig. 2c , such a conguration is both net force-free and (external) torque free. And yet the device generates a relative internal torque M ¼  between its stator and rotor part. The mutual excluded volume interactions of the 6 motor beads are inactivated to prevent steric hindrance of the stator with rotor and to allow a free motor rotation. The 6 rotor beads only interact with the chain particles to prevent accidental chain disentanglement.
The simulated tanglotrons with varying chain lengths of N ¼ 100, 200 and 400 particles per chain show an interesting trend, cf. Fig. 3 . When actuated even with moderate torques M of around 2kT, the conformation of the chains starts to change in a dramatic manner. Their radius of gyration R g (M) consistently collapses from their initial unperturbed value R g 0 to a plateau value R g N z R g 0 /2. The threshold torque M crit z 2kT leads to a strong chain entanglement which brings the chains closer together, leading to an effective compression of the tanglotron unit.
The chain collapse is brought about by the increase of the mean motor angle h4(M)i and the associated inter-chain linking number LkðMÞ ¼ À 1 2p 4ðMÞ; cf. Fig. 4 . The latter grows with the increasing motor torque in an interesting manner. At small torques up to M z 1kT, there is little or no change of Lk. At slightly larger torques up to about 5kT, the linking number starts to grow quickly. At larger values, it saturates to a plateau value Lk max . The evolution of Lk for different chain lengths scales linearly with the maximal plateau value, which itself is proportional to the total chain length N, as further discussed below (cf. also Fig. 7) . Interestingly, the chains collapse quickly to about 50% of their size even at low torques M z 2kT and one sees very little evolution in size beyond that. At the same time, the entanglement Lk (cf. Fig. 4 ) continues to grow up to M z 10kT. This indicates that already in the weak entanglement regime the chains are strongly compacted on the large scale. Beyond that the process of compaction is more subtle, happens on smaller scales down to the monomer size, but reects in R g only very weakly.
B. Stored free energy
By inverting the M vs. Lk(M) relationship, we can extract the effective free energy of the system
This procedure is equivalent to performing a Legendre transform on the Gibbs potential GðMÞ¼ À
and applies where the uctuations of Lk are small or negligible. We cross-check it in the appendix against a direct measure of the free energy from the probability distribution of Lk for small Lk. The result plotted in Fig. 5 shows a remarkable behavior. Most notably, at small Lk the free energy is proportional to the 3 The radius of gyration of the tanglotron particle as a function of the maximal torque generated by the motor for three different chain lengths. number of links. Due to symmetry, the free energy is the same for the positive and negative linking numbers of the same magnitude. This symmetry and the linear (rather than a quadratic) growth slightly away from zero lead to an apparent non-analytic cusp of F(Lk) at Lk ¼ 0.
The result is reproducible and very similar for all chain lengths. What does this mean? The result indicates that at low linking number density, the topological links behave as discrete particle-like entities, with a certain chemical potential m ¼ F(1) for their injection. This leads to a formal cusp of the free-energy extrapolated towards Lk ¼ 0. That observation agrees with the common polymer-physics intuition that, at low density, each entanglement costs a small amount of energy comparable to kT. This very reasonable assumption common in the literature [13] [14] [15] comes from the fact that all free energies are entropic in nature and the only energy scale is the thermal one. However there could be a geometric prefactor to this energy scale. Indeed from the free energy slope at Lk ¼ 0, we nd m z 6kT i.e. each complete topological link (at low density) costs roughly that amount. This value of m is compatible with the direct measure of the free energy at low link presented in the Appendix.
Interestingly, in the large Lk regime, aer the initial linear growth, F(Lk) begins to shoot up steeply. This behavior can be understood as densely packed links start to strongly interact with each other. Eventually the chains are expected to reach a densest topological packing state, corresponding to roughly z4 beads per turn on each chain. This result is analogous to previous computer studies on the optimal packing of inating torus knots 39 as well as mechanical 2 ply structures 40 at vanishing temperature. There, as in our case, the geometry and the excluded volume of the chains prevent any further topological packing beyond the densest packing limit (cf. below).
III. Tanglotron's equation of state
To understand deeper the high entanglement regime, which is most relevant for free-energy storage, let us take the simplest phenomenological approach and consider a tightly packed helix of radius R and a pitch height H shown in Fig. 6a 
where the sign AE ¼ sign(H) is positive/negative for a right/le handed helix, respectively. In the following, we conveniently scale the radius and pitch
by the actual radius of the monomer b/2. In Fig. 6b , we have evaluated numerically the region of geometrically admissible helix pitches and radii satisfying the condition of mutual non-penetration of the two chains. We obtain that the state with maximum packing density (the bluest region) has h ¼ h 0 z 5.3 and r ¼ r 0 z 1.06. The maximal linking number density resulting from these values is |Lk max |/N z 0.25. This energy minimizing state would be ideally assumed for a perfect (double polymer) helix at zero temperature T ¼ 0 if uctuations can be neglected. However at any nite temperature, the mutual entropic connement effects of the two polymer chains become the dominant effect, preventing further entanglement before the contact is established. In the limit of a tightly packed helical arrangement, the chain monomers start to dramatically loose their translational entropy. In particular, the motions in the radial direction of the helical arrangement become strongly prohibited by the geometric constraints. To model this behavior let us consider the twisting energy per monomer E ¼ E tot /N that can be expressed as E ¼ À2pMLk.
To obtain the Gibbs potential G(M) (Gibbs free energy), ideally, we should integrate the partition function over all possible congurations weighted according to their Lk. This procedure is not analytically tractable due to the subtle nature of the linking number which is a double integral over the two chains in the most general case. Instead we chose to integrate over all possible helices, whose Lk obeys a simple expression. This is physically justied as at high torque helices are indeed the preferred shapes.
In the limit of strong entanglement, each monomer starts to behave as an independent entity and we can approximate the Gibbs potential per monomer by
with the partition function of the monomer given by
with b ¼ 1/kT. In the partition function, the integral goes over the admissible region R of the congurational space where the excluded volume constraint is satised (cf. Fig. 6b ). For large M, the main contribution to the partition function comes from a certain corner of the helix congurational space with the lowest energy E(h, r) (cf. circle in the blue region of Fig. 6b ). There the partition function can be evaluated numerically, but it is conceptually more illuminating to estimate it by an approximate argument. For that we replace the exact boundary of the region R by its two asymptotes given by r ¼ 1 and h ¼ 4, corresponding to two extreme types of self-contacting helices with R ¼ b/2, H [ R and H ¼ 2b, H ( R, respectively. For large torques bM [ 1, we expand the exponent in Z mon around these values using h ¼ 4 + dh and r ¼ 1 + dr with dh, and dr ( 1. In this way, we easily obtain
with the geometric packing constant g ¼ 1= ffiffiffiffiffiffiffiffiffiffiffiffiffiffi p 2 þ 4 p z 0:27. The Gibbs potential G(M) (Gibbs free energy) is then given by
The mean linking number per monomer hLki ¼ À 1 2pN vG mon ðMÞ vM is then given by the elegant expression
The rst term g is the maximal entanglement packing density while the second term is the "squeeze-out" of monomer's 2 degrees of freedom (H and R) by the applied torque.
In our simple approximate model g ¼ g simple ¼ 0.27 but in principle this value can be different, in fact larger, due to more optimal packing possible for two chains. If we allow for a slight adjustment of the g term due to such effects, we obtain very good agreement with the simulation data, cf. Fig. 7 .
The somewhat higher packing density of g ¼ 0.32 likely originates from a symmetry breaking along the helix similar to the one found by Pieranski for extremely knotted torus knots. 39 Indeed for very large torques M > 10kT, this type of dense zig-zag helix arrangement, where strand 1 rst wraps around 2 one round, while 2 remains straight, and then they switch roles, can be also observed in our simulation snapshots, cf. Fig. 2b .
An approximate value of the free energy F(Lk) which is a function of Lk (rather then applied torque) can be obtained by Legendre transform of the Gibbs potential and reads
where we chose F(Lk ¼ 0) ¼ 0. 41 Expanding the free-energy far from saturation, |Lk| ( gN yields m ¼ 2kT/g which is consistent with the measured m ¼ 6kT. One may wonder why the Legendre transform describes the data even at low torque M $ 1kT, despite possible Lk uctuations which make this procedure only semi-quantitative. One reason may be found in the fact that while the shape uctuations are strong, the relevant Lk uctuations are less pronounced.
A simple estimate of the free energy density stored in the tanglotron (over a volume R g 3 ) for torques M of order of 10kT, for the chain-lengths considered here (N ¼ 100-400), leads to typical values between 100 MPa and 1 GPa. The typical elastic moduli should be well beyond those of typical polymer gels but in the same range and comparable to those of proteins.
Injecting entanglements even at moderate motor torques should therefore lead to a strong rigidication of the tanglotron's chains, comparable to those introduced in peptides by non-covalent bonds. A. The scaling picture: the blob double helix
The upper considerations in the high entanglement regime suggest a surprisingly simple picture of how the entanglement energy is stored for low entanglement densities. If we look back to the inset of Fig. 5 , where the entanglement density (per monomer) and free energy per monomer are plotted for three chain lengths, we can make an interesting observation. For all entanglement densities, the energy densities collapse onto a single curve. That is, the monomers seem to behave on average as identical entities with the same energy content per monomer, with no signs of explicit system size dependence. The corresponding free energy is extensive in the system size N. This is an indication that we could make a simple blobargument even for a small entanglement case by replacing what were single beads with size b in the high-entanglement limit by blobs of size l > b carrying each $kT of energy. A chain of such lÀ blobs is now packed in such a manner to mimic the previous case of the densest helical packing of single beads in the highentanglement limit. To inject a single entanglement, we need then roughly $3-4 blobs per chain, which amounts to a free energy cost of 6-8kT per single entanglement. This expectation is in surprisingly close agreement with the chemical potential m z 6kT per entanglement estimated from the simulations. This suggests that the simple "blob-helix" model predicts the behavior of the free energy even for moderate entanglement.
The observation that at intermediate densities a single entanglement costs a xed amount of energy deserves a few comments. Note that a similar behavior of the free energy as a function of Lk, F(Lk) f |Lk|, has been observed by Marko 22 for two entangling mutually pinned DNA rings with excluded volume. A related study by Walter et al. 21 on exible chains (with excluded volume) wrapping around a bar also nds a transition from a Gaussian F(Lk) f Lk 2 scaling to a weaker power law F(Lk) f |Lk| a with a not far from unity and with a typical cross-over occurring at Lk $ ln N. In our current case, such Gaussian behavior is difficult to observe, as it is masked by another effect: the mutual entropic hindrance of the two chains at the motor junction for Lk ¼ 0. The latter gives rise to an inverted quadratic behavior around 0 and to additional shallow minima in the free energy, cf. Fig. 9 in the Appendix. Furthermore, it is interesting to note that the constant free energy per entanglement found by Marko of 3.6kT per entanglement is comparable to, yet roughly two times smaller than the m z 6kT we nd here. The reason can be found in the fact that Marko's Monte Carlo study measures the contribution of arbitrary complex catenanes while in our case only toroidal inter-chain braids are generated by the nature of motor unit rotation. Restricting the type of entanglement (from arbitrary to toroidal ones) to a subset obviously increases the free energy per entanglement in agreement with the larger value we nd.
IV. Discussion
In this report, we have considered the energy storage capacity and congurational properties of a rotary motor unit self-connected with two entangling polymer chains -the "tanglotron"
device. The tanglotron principle is scalable and rather exible. Several motor candidates, including articial ones like the Feringa rotary engine 10 (driven by light) or biological ones like ATP synthase 4 (supplied with excess ATP), can be utilized. The basic energy "currency" that we propose here for storage and transmission is the topological link. This entity has a number of interesting and useful properties including:
(1) A ne grained and tunable elementary "quantum" of (free) energy. For a low link density, we expect a few kTs per entanglement.
(2) For higher densities, the links strongly interact which increases their energy to larger values. This might be advantageous in some situations where larger free energies per turn are required.
(3) The topological links are easy to store and can be specically transported to the location where they can be utilized, i.e. to a free energy consumer. They directly interact with the mechanical degrees of freedom of the consumer, but being topological rather than strict geometric entities, they do so without a strong dependence on the environmental constraints.
(4) The topo-links are stable, long lived topological objects. They do not simply vanish into the solution but rather remain localized in the device. Therefore they can intermittently store and buffer the mechanical work produced by a motor and become utilized at a later time point by a consumer. In this sense, they can act as a "time-scale bridge" or "time-gear" bridging the otherwise vastly different conformational relaxation timescales of the motor and the consumer.
(5) The energy of the entanglements can be additionally further tuned under appropriate solvent conditions. It can be increased by charging the chains in an identical manner (positive or negative) or can be decreased by increasing the chains' affinity as compared to the solvent, i.e. making them less soluble.
V. Outlook
A rather non-exhaustive list of potential tanglotron related applications, giving us a avor of its utility is outlined in Fig. 8a-d . Examples include the following aspects which are interesting to mention: Application 1 (articial muscle material, see Fig. 8a ): an obvious generalization consisting of tanglotrons cross-linked in a fully reticulated gel -the "topo-gel" deserves separate consideration. However it is intuitively clear that upon motor operation such a gel will collapse by the same order of magnitude as the single "topo-core" (tanglotron) particle, namely around 50 percent in each spatial direction. Both in the topo-gel and in the topo-core particle, the particular arrangement of the stator-rotor of the motor unit and its connectivity established by the polymer chains ensure that the construct acts as a topomechanical battery.
Notably, by the action of one small fraction of the whole system mass (the rotary motors) acting as an "enzymatic" element, the system (the polymer gel) is progressively converted, via the process of topological "charging", into an energy enriched contracted structure. Such a gel would operate as an articial muscle, although only in one direction (contraction). To make the contraction reversible, a second passive topologydissipating unit could be inserted to counteract the action of the motor unit.
Application 2 (motion amplication, see Fig. 8b ): a tanglotron can move objects billions of times heavier than itself. The fast elementary stepping of the motor unit, which occurs typically in nanoseconds to microseconds, would be dramatically suppressed by any rigid coupling to a much bigger object, like the slowly rotating macroscopic bead shown in Fig. 3 . However, the situation is much more hopeful when the motor is coupled to the "consumer" through the two so polymer chains. The latter have a broad distribution of relaxation timescales, with the shortest ones typically overlapping with the motor stepping timescales. The topological links injected by the rotor are transiently buffered in the polymer chains to be utilized in the bead rotation on much longer time-scales (seconds). Application 3 (linear actuation and DNA interfacing, see Fig. 8c ): the rotary motion can be simply transformed into linear actuation. This can happen e.g. via a DNA cruciform structure coupled to the polymer chains. In this way, the tanglotron device can principally bridge to any DNA nano-assembly via the end loops of the cruciform at connections 2 and 2 0 . The DNA nano-assembly realm 34-38 is a very promising target and a possible "killer-application" for the tanglotron device.
Application 4 (mechanochemical coupling to reactions, see Fig. 8d ): the tanglotrons should also optimally allow the release of the stored stress by coupling the dissipation of the entanglements to a chemical reaction. This can be done also in a useful manner. The motor unit can be directly coupled to "energy consumers", like for instance distant catalytic centers. One curious, but feasible consumer would for instance be an ATP-synthase -the cellular enzyme synthesizing ATP from the proton-motive force across cellular membranes. The transmembrane proton-drive subunit of the ATP-synthase can be replaced by a tanglotron, i.e. a distant rotary motor, soly coupled by polymer chains. Interestingly, in the reverse direction, supplying the synthase with excess ATP makes it itself a rotary motor unit which can be used as an ATP-driven rotor drive of the tanglotron unit.
VI. Conclusions
A tanglotron (cf. Fig. 1 ) is a molecular device that converts repetitive cyclic motion into polymer self-entanglement. As a consequence, it induces a large polymer contraction and stores topo-mechanical energy in this process. The tanglotron's chains can act as a practical energy conversion and storage unit as well as a long range energy transmission medium. The tanglotron can be seen as an active topological nanoscale gear that acts as a so and "geometry insensitive" nano-mechanical element able to adapt to any relative reorientation and repositioning of the motor and "consumer". What is transmitted are topological entanglements, entities which are robust under geometric transformations. An effective transmission of rotation from a (fast) molecular engine device to a (slow) "consumer" element can only work if there is some form of intermediate mechanical energy storage, i.e. an efficient buffering of energy. This task can be practically fullled by the topological entanglement unit of the tanglotron.
It will be the central future challenge to synthesize realizations of tanglotrons, to characterize the chemical, thermodynamical and mechanical properties of such novel molecular devices and explore their utility as universal driving components of future smart materials.
Appendix: the free energy at zero torque
It is interesting to reinvestigate the wedge-like behavior of the free energy by another method that allows us to further zoom into the region around Lk ¼ 0. At vanishing torque, i.e. when the motor is free to rotate, the probability density p(4) of the motor angle 4 (i.e. its histogram of values) can be used to extract the free energy from F(Lk) ¼ ÀkT ln p(Lk) + const.
The result plotted in Fig. 9 shows similar wedge like behavior around Lk ¼ 0 as shown in Fig. 5 . However it displays some more interesting ne details. In particular, it shows that the naively expected orientation 4 ¼ 0 is not preferable. Instead, there are two close symmetric minima at around 4 z AEp/2, induced by the mutual entropic hindrance of the two polymer chains coming out from the motor unit. At 4 ¼ 0, the chains would emerge very close to each other giving rise to mutual entropic forces, thus pushing the preferred motor angle slightly away from 0. At larger values Lk $ 1 (4 $ 2p), the free energy grows linearly, with a slight modulation due to inter-chain steric hindrance, displaying a similar slope of $6kT per turn found in the main text. Fig. 9 The stored entanglement free energy determined from the histogram statistics, as a function of the number of stored topological links (linking number Lk) for three chain lengths. The dashed slopes correspond to 6kT per turn.
